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The mathematical model for balloon formation in the ring spinning process has
been well established since the mid-1950s. The availability of present day com-
putational power has made it possible to carry out a comprehensive analysis of
the equations which it is hoped will give fresh insight into the physics of ring
spinning,.

This paper is mainly concerned with free balloon spinning (without control
rings). The relation between guide eye tension and traveller mass is explored in
detail and an important transition region in this dependence is identified. The
dependence of this transition region on bobbin radius, balloon height and air drag

t This paper was produced from the author’s disk by using the TEX typesetting system.
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440 W. B. Fraser

is also examined in detail. The practical application of the theory is discussed and
theoretical minimum traveller mass against balloon height curves are produced.
The results of a simulation of one traverse of the ring rail up and down the conical
chase of a cop-structured bobbin is presented. Finally, the theory is modified
to allow for the presence of a control ring and results that show the effect of
the control ring on the guide eye tension against traveller mass dependence are
presented.

1. Introduction

Spinning is the final step in the manufacture of yarn from staple fibres after which
the spun yarn is wound onto a bobbin or package. After a process of combing
and drafting, that aligns the fibres into a soft strand of the desired linear density
called a roving, the ring spindle (figure 1) simultaneously twists the yarn and
winds it onto a bobbin mounted on a driven spindle. The ring spinning frame
was invented by the American John Thorp in 1828. In the preface to his 1987
book Klein estimated that there were at that time 160 million ring spindles in
operation throughout the world. In emphasizing the importance of this method
of yarn production Klein has this to say:

‘...the ring frame has a very great influence on the yarn product and its quality.
Ring-spun yarn still provides the absolute standard of comparison in evaluation
of yarns formed by other spinning processes.’

A detailed description of the operation of a modern ring spinning frame and
some account of the history of its development can be found in Klein’s book and
also more extensively in de Barr & Catling (1965, ch. 2). Only a brief description
will be given here.

The modern ring spinning frame consists of many vertically mounted spindles
with a train of drafting rollers above each spindle. A roving package is mounted
above each spindle position and the roving is first led through this final drafting
train which reduces it to the required fineness before spinning. The yarn issuing
from the front rollers D (figure 1) passes through a guide eye O located axially
above the spindle S. From the guide eye the yarn passes around the traveller T,
which is free to rotate around the ring R. From T it passes to the wind-on or
lay point L. where it is wound onto the bobbin B carried on the spindle which
is coaxial with the ring. The spindle is driven at a constant angular speed wg
(rad s71) and the traveller is dragged around the ring by the loop of yarn OTL.
When the drafting rollers are stationary, the angular speed of the traveller is
the same as that of the spindle and each revolution of the spindle causes one
turn of twist to be inserted in the loop of yarn between the front roller nip and
the traveller. However, if the yarn is issuing from the front rollers at a speed V/
(m s™1) and is also being wound onto the bobbin, the angular speed w (rad s—1)
of the traveller is less than that of the spindle and this difference in angular speed
is related to V' by the equation

wo —w = V/b, (1.1)

where b is the radius of the bobbin at the lay point L. In this equation the angular
speed of the spindle is very much greater than the yarn delivery speed V so that

Phil. Trans. R. Soc. Lond. A (1993)
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On the theory of ring spinning 441

Figure 1. The ring spinning spindle.

for all practical purposes the angular speed of the traveller can be taken to be
the same as that of the spindle (de Barr & Catling 1965, eqn (2.1)). The surface
generated by the rotating loop of yarn between the guide eye and the traveller is
called a balloon. A knowledge of the balloon dimensions and the yarn tensions
in the balloon is extremely important for the design and efficient operation of
ring spinning frames. Similar balloons also occur during the high speed over-end
unwinding of large packages and these have been investigated by Padfield (1958),
Kothari & Leaf (1979) and Fraser et al. (1992).

Yarn is twisted to give it tensile strength and the tension at which twist inser-
tion (spinning) is carried out is critical. Tension during spinning must not exceed
the strength of the yarn at any instant. On the other hand it is necessary to spin
at a high enough tension to prevent balloon collapse which can result in the yarn
becoming wrapped around the spindle which also causes yarn breaks. At a more
subtle level, the tension at which the yarn is formed influences its structure and
properties. Finally the power consumed in the spinning process is proportional
to the product of the lay-point yarn tension and the spindle speed so that it is
necessary to balance operating conditions to minimize power consumption while
maximizing yarn production. The parameters that spinners operating a given ring
frame have at their disposal to control tension and achieve optimal spinning are
the spindle speed, the yarn delivery speed V' and the traveller mass. The theo-
retical model described in this paper offers operators the possibility of achieving
this more effectively.

The theory of ring spinning, which is the theory of the thread-line dynamics
between the guide eye and the lay point, has a long history starting with a paper
by Liidicke (1881). An account of this history with references up to 1965 can be
found in de Barr & Catling (1965), where a comprehensive account of the state
of the theory at that time can also be found. By 1965 the equations of motion
for the thread line in the balloon and the equations of motion for the traveller
were well known. There is also a secondary balloon between the traveller and the
lay point but as this distance is quite small the thread line is usually assumed to

Phil. Trans. R. Soc. Lond. A (1993)
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follow a straight path from T to L and the tension is assumed constant (de Barr
& Catling 1965, §5.2; Batra et al. 1989a). The relative importance of the air drag
and the centripetal and Coriolis acceleration terms in the balloon equations was
understood and in the 1950s some limited numerical solutions of these equations
were obtained. However, the use of the traveller mass equations to formulate a
complete set of boundary conditions for the balloon equations at the ring was
not fully exploited at this time.

Recent advances in the technology of ring spinning machinery linked with the
enormous increase in computing power since 1965 has generated a renewed in-
terest in this problem. The papers of Batra et al. (1989a—c) reflect the current
state of the theory and contain references to other work up to the present. Even
in this most recent work the use of the traveller mass equations as a boundary
condition on the balloon equations has not been fully exploited.

It is the purpose of the present paper to present a complete theoretical and
numerical study of the way in which guide eye tension depends on traveller mass
and spindle speed. This is possible when the balloon boundary condition derived
from the equations of motion for the traveller mass is fully exploited in the com-
putational algorithm. This dependence turns out to be complex (figures 3a, 4a,
5a) as is to be expected given the nonlinear nature of the problem. However,
it will be shown that these results can be used to identify ranges of operating
conditions (spindle speed/traveller mass) that would result in balloon instability
and graphs showing the minimum traveller mass required to prevent balloon col-
lapse as a function of balloon height are presented. These theoretical results are
in general agreement with the results in de Barr & Catling (1965, ch. 15).

All of these results are for free balloon spinning (without control rings) as
it seems best to present the basic results and physical insights free from the
additional complexity introduced by the presence of control rings. However, all
modern spinning machines use one or more control rings to restrict the balloon
diameter and reduce the yarn tension at high spindle speeds. In the final section
of the paper the theory is modified to include the presence of control rings and
results are presented for the case of a single control ring located at the midpoint
of the balloon height.

The plan of the paper is as follows. In the next section the equations of mo-
tion for the yarn in the balloon and the traveller mass will be reviewed and
the two-point boundary value problem for the shape of the yarn in the balloon
without control rings will be formulated. These equations will then be cast in
a dimensionless form that minimizes the number of parameters in the problem
and which also brings out clearly the relative importance of the various terms in
the equations. In §3 the numerical method used for solving this boundary value
problem is described. In §4 the dependence of guide eye tension on traveller mass
is investigated in detail. In the first part of this section results for a balloon of
height h = 10a and lay-point radius b = 0.5a, where a is the traveller ring radius,
are presented for a very large range of traveller mass parameter. An important
transition region in this relationship is identified: the range of (increasing) trav-
eller mass values over which the balloon profiles change from stable, low tension,
two-loop shapes to stable, higher tension, single-loop shapes. In the second part
of §4 the dependence of this transition region on balloon height, lay point radius
and air drag parameter is investigated.

Phil. Trans. R. Soc. Lond. A (1993)


http://rsta.royalsocietypublishing.org/

a
/,// \\
/

A
( P 9

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

"/\\
A Y

A

i \

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

On the theory of ring spinning 443

The practical application of the theory is discussed in §5, where theoretical
minimum traveller mass against balloon height curves are presented and com-
pared with the minimum traveller mass formula given by de Barr & Catling
(1965). The result of a simulation of one traverse of the ring rail up and down
the conical chase of a cop-structured bobbin is also presented. In §6 the theory is
modified to allow for the presence of a control ring and results that show the effect
of the control ring on the guide eye tension against traveller mass dependence are
presented.

2. The mathematical formulation

The equations describing the motion of yarn as it passes through a ring spinning
device are by now well established and a detailed derivation can be found in the
book by de Barr & Catling (1965). Before proceeding to review the derivation
it is appropriate to review the assumptions that are customarily made in the
derivation.

(a) The assumptions

1. The yarn is assumed to be inextensible, perfectly flexible and of uniform
density and cross section so that only tension forces act in the yarn. The effect
of yarn elasticity on balloon shape and tension in over-end unwinding has been
investigated in a recent paper (Fraser 1992), where it has been shown that this
effect is very small for typical unwinding tensions. It has also been found that
the effect is small in the case of the tensions encountered in ring spinning. In
this paper inextensible yarn will be assumed throughout. The effect of gravity on
the yarn in the balloon will also be neglected. The effect of gravity on tension
and balloon shape in an unwinding balloon has been investigated by Kothari &
Leaf (1979a). They found that changes in maximum balloon radius and guide eye
tension were less than 3% for all cases investigated.

2. The yarn path between the traveller and the lay point on the bobbin is
assumed to be a straight line (i.e. air drag is neglected on this short section of
the yarn) and the lay point is assumed to lie in the plane of the traveller ring.

3. Since the motion of the ring rail and the rate at which the balloon height
changes as the yarn layers are built up on the bobbin is very slow compared with
the rotational speed of the loop of yarn in the balloon the time-dependent terms
in the equations of motion will be neglected; i.e. the balloon shape is assumed
stationary relative to a frame of reference rotating with the same (constant)
angular speed as the traveller mass. A perturbation scheme (Kevorkian & Cole
1981) could of course be used to formalize this assumption as was done for the case
of balloon formation in yarn unwinding over-end from a helically wound package
(Fraser et al. 1992). This will not be investigated further here as the difference
in the timescales involved is even greater than in the unwinding problem.

4. Tt will be shown that when the equations of motion for the yarn in the
balloon are written in dimensionless form the terms involving the yarn speed V,
such as the Coriolis acceleration terms, can be neglected. The effect of air drag
on balloon shape cannot be neglected and the assumptions made in the model of
air drag used here are discussed in §4b(i).

5. In the derivation of the equations of motion for the traveller it is treated as
a point mass and Amonton’s law of friction will be used to model the interaction

Phil. Trans. R. Soc. Lond. A (1993)
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444 W. B. Fraser

between the traveller and the ring and the yarn and the traveller. The weight of
the traveller will also be neglected as this force is small compared with the yarn
tension and the frictional and dynamical forces acting on the traveller.

6. The numerical and graphical results presented in this paper have been cal-
culated for only one value of the coefficient of ring/traveller and traveller /yarn
friction assuming a constant wrap angle of the yarn on the traveller. The wrap
angle depends on the direction of the yarn tangents on either side of the traveller
and on the ratio of the radius of the bobbin b at the lay point to the traveller
ring radius a. As the yarn layers are built up on the bobbin this ratio changes
periodically with the oscillatory motion of the traveller ring rail. Again the rate
of change of the value of b/a will be slow compared with the rotational speed of
traveller.

In practice these variations in balloon height and lay-point radius with time
are very significant as they cause variations in the yarn tension throughout the
building of the bobbin which are undesirable. The solution of the time-dependent
problem can be constructed from a sequence of stationary balloon solutions for an
appropriate range of balloon heights and bobbin radius in the same way that the
time-dependent solution of the over-end unwinding problem was obtained (Fraser
et al. 1992). An example of how the theory can be used to simulate the variations
in the balloon profile and tension as the ring rail moves from the bottom to the
top of the conical chase winding one layer of yarn onto a cop-structured bobbin is
given in §5. In the next two subsections the derivation of the equations of motion
for the yarn in the balloon and the traveller mass will be reviewed.

(b) The equations for the yarn in the balloon

Consider a material point P (figure 2) of the yarn which at time ¢ is a distance
s measured along the yarn from the guide eye. Let R(s,t) = re, + zk, be the
position vector of P relative to an origin of coordinates at the guide eye O (fig-
ure 2). Let r, 6, z be cylindrical coordinates corresponding to unit base vectors
er, €9, k of a coordinate system that rotates with a constant angular velocity wk
about the z-axis, which coincides with the axis of the spindle. The direction of
the z-axis is positive down towards the bobbin and w is the angular speed of the
traveller.

If T'(s,t) is the tension in the yarn at P then the full vector form of the time-
dependent equation of motion for the yarn element at P is

0 OR
2 2 — -
m { D*R + 2wk A DR+ w kA(kAR)} = - <T s ) +F, (21
where m is the linear density of the yarn. The differential operator D is given by
0 0
D= —
ot Vs

where V is the constant linear speed at which the thread line issues from the
final drafting rollers (D, figure 1). However, by Assumption 3 above the solution
relative to the rotating coordinate system is independent of time so that the
operator D reduces to

d
D=V<. .
Ve (2.2)

Phil. Trans. R. Soc. Lond. A (1993)
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Figure 2. The thread line.

From now on steady-state conditions will be assumed. Equation (2.1) is by now
well established and the details of its derivation can be found in de Barr & Catling
(1965, ch. 4) and also in Batra et al. (1989a). The operator D is the total time
derivative following the motion of P relative to the rotating frame. Thus DR is
the velocity of the material particle P and D?R is its acceleration relative to the
rotating frame. The second term in the braces on the left-hand side of equation
(2.1) is the Coriolis acceleration of P. The vector F' is the air drag force per unit
length acting on the yarn in the balloon.

A detailed discussion of air drag and its effect on balloon shape and tension in
ring spinning processes can be found in de Barr & Catling (1965, ch. 3), Kothari
& Leaf (1979a) and Batra et al. (1989b). Only the component of air drag normal
to the yarn will be considered here. Thus, if v, is the normal component of the
yarn velocity at P, the air drag force vector is given by

F = —Dy|vy|vy, (2.3)
where
va=o- (o 42) 48
e ds / ds
dR dR
= —_— 2.4
ds A (’v 4 ds > ’ (2:4)
and
v=DR+wkA\R. (2.5)

The well-known vector identity for the triple vector product has been used to
deduce the second expression for v, above. The air drag coefficient D, has been
discussed by Fraser et al. (1991) and its magnitude in the ring spinning situation
will be discussed in §2f below.

The vector differential equation (2.1) represents three-component equations for

Phil. Trans. R. Soc. Lond. A (1993)
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the four unknown functions r(s), 6(s), z(s) and T'(s). The fourth equation that
completes the system is given by the inextensibility condition:

dR dR

Db 2.
ds ds (2:6)

(¢) The equations for the motion of the traveller

The forces acting on the traveller will be denoted as follows: T} is the yarn
tension on the balloon side of the traveller; T5 is the yarn tension on the bobbin
side of the traveller; N = N,e, + N,k is the force the ring exerts on the traveller
in the direction normal to the ring; —u+/N2 + N2 ey is the frictional drag that
the ring exerts on the traveller, where p is the coefficient of ring/traveller friction.

As noted above (Assumption 5) the effect of gravity on the traveller will be
neglected so that the vector form of the equation of motion for a traveller of mass
mr in circular motion (radius a) with constant angular speed w is

dR
— mywlae, = —Ty s M Tycospe, +Tosinpey+ N — u|Nleg.  (2.7)
51

The angle ¢ (sin¢ = b/a) is the angle the yarn between the traveller and the
lay point makes with the radial direction (figure 2), s; is the length of yarn in
the balloon between the guide eye and the traveller and (dR/ds)|, is the unit

tangent vector to the yarn in the balloon at the traveller.
The r, 8 and z components of this equation are, respectively,

—mrw?a = —Tyr'(s1) — Ty cos ¢ + Ny, (2.8)
0= —Tiab'(s1) + Tasing — uy/ N2 + N2, (2.9)
0= »le'(sl) + N, (2.10)

where ()" = (d/ds)( ). These equations correspond to egs (18)—(21) in the paper
by Crank (1953)

Tensions T7 and 15 are in fact the tensions at either end of a small but finite
yarn segment contacting the traveller wire and rubbing against it. Their mag-
nitudes are related by Euler’s equation for tension variation in a string passing
around a rough cylinder:

Ty = Tietv® = gTt, (2.11)

where p, is the coefficient of friction between the yarn and the traveller, « is
the angle of wrap and g = exp(uy«) is the traveller yarn friction parameter
introduced by Batra et al. (1989a, eqn (23)).

It will now be shown that these equations provide one of the boundary condi-
tions on the balloon equations (2.1)—(2.6) at the traveller.

(d) Formulation of the boundary conditions

The balloon equations must be solved subject to boundary conditions at each
end of the yarn in the balloon, at the guide eye and at the traveller ring.

Phil. Trans. R. Soc. Lond. A (1993)
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(i) At the guide eye

The boundary condition at the guide eye which is at the origin of the coordinate
system is simply that at s =0

R(0)=0, ic r(0)=0, z(0)=0. (2.12)

Because of the rotational symmetry of the problem 6(s) is only determined to
within an additive arbitrary constant so that 6(0) can be set equal to zero without
loss of generality.

(i1) At the traveller

Let h be the height of the guide eye above the traveller ring and s = s; be the
length of yarn in the balloon so that the geometrical boundary conditions at the
traveller are

r(s) =a, z(s)=h. (2.13)
The other boundary condition is obtained from the traveller equations (2.8)—

(2.11) as follows. First use (2.11) to eliminate 75 from the other three equations
and then eliminate N, between (2.9) and (2.10) to obtain

p? {Nf + [le’(sl)]Q} =T% [ab'(s1) — gsin ¢]2 . (2.14)

Finally eliminate N, between (2.8) and (2.14) to obtain the dynamical boundary
condition at the traveller.

Ti[gsing — ab (s1)] = s/ {T1[r' (s1) + g cos §] — mrw?a}? + T2/ ()2, (2.15)

This condition relates the yarn tension at the bottom of the balloon T3 and the
traveller mass mr to the geometrical quantities /(s)), 6'(s1), 2/(s1), ¢, and the
friction parameters p and g.

Equation (2.15) corresponds to Crank (1953, eqn (22)), Shantong (1987, eqn
(3)) and Batra et al. (1989a, eqn (28)). However, these authors do not exploit
this boundary condition on the balloon equations to the fullest possible extent,
stopping short of a full exploration of the solution space of the equations.

In the more complete investigation of the solution space presented here it will be
shown that there are certain ranges of traveller mass values for which the solutions
of the balloon equations cease to be unique. These triple solution regions will be
identified with conditions that lead to dynamically unstable balloons. Thus, the
more extensive exploration of the solution space given in this paper provides
considerable new insights into the physics of ring spinning and also provides the
mathematical basis for programming the speed of individually driven spindles to
achieve optimal bobbin build.

This completes the mathematical formulation of the ring spinning problem.

(e) The dimensionless equations

In this section all variables will be scaled against length and force scales appro-
priate to the ring spinning problem and the above equations will be rewritten in
dimensionless form. Some researchers (Crank 1953; Nerli et al. 1980; Lisini et al.
1981) have been reluctant to present their results in terms of dimensionless vari-
ables feeling that results expressed in dimensional variables are more accessible to
the industrial technical community. The more mathematically orientated authors

Phil. Trans. R. Soc. Lond. A (1993)
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(e.g. Padfield 1958; Batra et al. 1989) express their results in dimensionless vari-
ables. The importance of dimensional analysis in scientific research can hardly be
over emphasized and the reader is referred to the books by Bridgeman (1931),
Sedov (1959), and more recently Bluman & Kumei (1989), to list but a few.
The considerable advantages to be obtained from a dimensionless presentation of
results for the present problem are listed below.

1. The guide eye tension Ty and balloon profile depend on a large number
of independent variables such as the friction parameters p, g, balloon height
and radius (h,a), traveller speed wa and yarn speed V' (which are related to
the angular speed of the spindle wy by equation (1.1)), the linear density of
the yarn m and the traveller mass mr. A considerable reduction in the number
of these independent variables can be achieved if they are collected together in
dimensionless groups.

2. The value of the dimensionless coefficients multiplying each of the terms in
the dimensionless form of the very general equation (2.1) can be estimated for
typical spinning conditions. This gives an indication of the relative importance of
each term and in particular it will be shown that the Coriolis acceleration term
and the operator D can be set to zero without significant loss of computational
accuracy. On the other hand it will be seen that the air drag term cannot be
neglected.

3. Results obtained from dimensionless equations are more general and apply
to a range of particular spinning conditions. This leads to savings in the com-
putational effort and a more economical graphical and tabular presentation of
results.

4. From such general results it is easier to reach theoretical and physical inter-
pretations of phenomena observed experimentally and in ring-spinning practice.
For example the balloon instability for certain ranges of spindle speed reported
in Platt’s Bulletin (1955, vol. 9) are at least qualitatively explained in terms of
the results given in this paper.

The dimensionless variables used here are the same as those used by Padfield
(1958, egs (5)) and similar to those used by Fraser et al. (1992, egs (18)) except
that tension and force are scaled against mw?a? and velocity is scaled against wa
in the present paper rather than mV? and V, respectively, which was appropriate
for the unwinding problem. Batra et al. (1989) use balloon height h to scale the
z coordinate, traveller ring radius a to scale the r coordinate and scale tension
and force against the guide eye tension Tj. This leads to a somewhat less conve-
nient set of dimensionless parameters but, where appropriate for comparison, the
conversion relation between their parameters and those used in this paper will
be given.

Thus the following dimensionless variables will be introduced, and in these
definitions barred variables are dimensionless:

- R
R=———=Cer+ik=7’er+2k,
a a  a (2.16)
_ s _ Un _ v - T — F
§=—, h=—, 0=—, T=—p5s5, F=—m.
a wa wa mw4a mw4a
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Expressed in terms of these dimensionless variables equation (2.1) becomes

d’R dR d dR
-2 —1

20 k F, .

) d2+ ds+ ANkAR)= ds(Tds>+ (2.17)
where

2 =wa/V (2.18)

is the angular velocity parameter defined in Fraser et al. (1992, eqn (21)).
The dimensionless form of the air drag term, equations (2.3)—(2.5), is

_ dR _dR _ dR
F = —Lpo|on|vn, vn:EA(vA—(iTs:>’ v= ld +vk AR, (2.19)
and the air drag coeflicient
po = 16Dya/m (2.20)

is the same as the air drag coefficient introduced by Padfield (1958) and used by
Fraser et al. (1992) and Fraser (1992).

Finally the dimensionless forms of the boundary conditions (2.12), (2.13) and
(2.15) are, respectively,

7(0) =0, z(0)=0, 6(0)=0, (2.21)
Z(5)) =h="h/a, 7(5)=1, (2.22)

Tulgsing — 0/(s1)] = u/ [T3 (7 (s1) + geos ¢) — M]* + [Ti2/ ()2, (2.23)
where

M = m7/ma. (2.24)

is the dimensionless traveller mass parameter which is the ratio of the traveller
mass to the mass of a segment of yarn equal in length to traveller ring radius a.

(f) The magnitude of the parameters §2 and pg

From the dynamical point of view the angular speed of the spindle wyg is in-
dependent of the yarn speed V' which is controlled by the front rollers of the
drafting train (D in figure 1). Practically, of course, the relationship between
these two quantities is determined by the amount of twist that is being inserted
in the yarn. Typically, spindle speed wg is very large compared with the front
roller speed so that the angular speed of the traveller w is not very different from
the spindle speed equation (1.1). The difference in speeds is just enough to allow
for the desired amount of twist insertion in the yarn. Thus wa > V and (2 is a
large parameter.

Typical values of 2 can be calculated from data given in Batra et al. (1989c,
Table 1) where in their notation

) =2P?%/K.

They use a range of values from 2 = 75 to £2 = 200 for their calculations. These
values are consistent with the range of values calculated from cotton spinning
data suppplied by Dr N. Johnson of the School of Fibre Science and Technology,
University of New South Wales.
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The first two terms on the left side of (2.17) are multiplied by 272 and Q~1,
respectively, so that the order of magnitude of the first term is typically 2.5—
16.9x 1072, while that of the second term, which is the Coriolis acceleration term,
is 5-13x1073. Thus in many spinning situations the first two terms on the left
of (2.17) can be neglected without significant loss of accuracy and from now on
the spinning balloon equation will be taken as

= d [-dR
kEAN(kNR) o (T E ) + F. (2.25)
This is in contrast to the unwinding problem where the angular speed of the
loop of yarn in the balloon and the unwinding withdrawal speed V' are intimately
connected through the package wind-on angle (Fraser et al. 1992). In this case
2 ~ 1 and the first two terms on the left of the balloon equation must be retained.

Since the order of magnitude of the scaled normal velocity v, is unity the
magnitude of the air drag term is determined by the order of magnitude of the
parameter 11—6p0. The method for calculating this parameter is described by Batra
et al. (1989b, Table 1) and in their notation

%po =aD,/m = Q*/P2

In their calculations they use a range of values of @?/P? from 0.26 to 0.50, which
gives pg = 4.16-8.07 and this is the range of pg that will be used here.

It is clear that air drag plays a significant part in balloon formation in both ring
spinning and unwinding and that the air drag term cannot be omitted from the
equations of motion. Other aspects of the approximations made in considering
only the normal component of air drag to be important are discussed by Kothari
& Leaf (1979a) and Batra et al. (1989b), where further references can be found.

In the remainder of this and the next section all variables will be dimensionless
so that the bar over the dimensionless variables will be omitted. However, in §4,
where the results are discussed, and for the labels on the graphs it is convenient
to revert to dimensional quantities.

(9) Derivation of the tension equation

To derive the tension equation: form the scalar product of equation (2.25) with
dR/ds and observe that differentiation of equation (2.6) gives

AR &R
ds dsz2
and since the air drag is normal to the yarn
dR
— - F =0.
ds 0
When use is made of the above and after some rearrangement the final result is
dT" d
e -&g(%ﬂ). (2.26)

Equation (2.26) can be integrated to give the following expression for the tension
as a function of guide eye tension Ty and balloon radius r(s):

T(s) =Ty — 37°. (2.27)
Phil. Trans. R. Soc. Lond. A (1993)
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This is an exact first integral of the equations of motion. The balloon profile and
the value of T must be obtained by numerical integration of (2.25) subject to
the boundary conditions (2.21)—(2.23).

3. Method of numerical solution

The numerical solution of equations (2.25) and (2.6) with the tension T given
by equation (2.27) and subject to boundary conditions (2.21)-(2.23) is fairly
straight forward and will only be described briefly. First notice that this problem
is rather like a nonlinear eigenvalue problem with guide eye tension T as the
eigenvalue. Thus Ty is to be determined as part of the solution together with
the coordinate functions r(s), 6(s), z(s) and the length s; of yarn in the balloon
between the guide eye and the traveller. Second, the vector equation (2.25) has to
be resolved into its three component differential equations. The cylindrical and
cartesian coordinate components of equation (2.25) are given in the appendix.
The inextensibility condition equation (2.6) has been used up in the derivation
of the tension equation (2.27) so that the three second-order differential equa-
tions (A 1)—(A 3), or alternatively (A 6)—(A 8), subject to six boundary conditions
(2.21)—(2.23) constitute a well-posed problem for the determination of the three
coordinate functions.

The shooting method for the numerical solution of two-point boundary value
problems (Press et al. 1986, §16.1) was used to obtain the results presented in
this paper.

The procedure, as it applies to the cylindrical component equations, is to solve
equations (A 1)-(A3) as an initial value problem subject to initial conditions
r=60=2z=0at s =0 with prescribed trial values of Ty and r’(0), which lead to

Z'(0) = /1 —r/(0)?,

by the inextensibility condition, and 6’(0) = 0 by equation (A 53) in the appendix.
A fifth-order Runge-Kutta routine is used to solve this initial value problem and
the integration is stopped when z(s) = h, the prescribed balloon height. (This
determines s).) A Newton-Raphson type scheme is used to adjust the values
of Ty and 7/(0) until the other two boundary conditions (2.225) and (2.23) at
the traveller are satisfied. Thus the guide eye tension Ty and the initial slope
r’'(0) are determined as part of the solution. The partial derivatives of the trial
solutions with respect to T and r'(0) required in the Newton-Raphson iteration
are calculated numerically.

Only a minor modification of the above procedure is required if the cartesian
component equations are used instead of the cylindrical component equations.
In fact for computational purposes the cartesian equations are a more balanced
set of equations. This can be seen by inspection of the power series solutions in
the neighbourhood of the origin which are given in equations (A 5) and (A 10).
Component functions cv(sg, y(s), z(s) start off proportional to s, whereas 6(s)
increases very slowly (as s°) which can lead to numerical problems. The cartesian
equations were used in the computation of all the results to be presented below.
The convergence of the shooting method algorithm was very fast even for trial
values of Ty up to 10% away from the converged value. The initial slope value
r’(0) = 0.5 was used to initiate all calculations. For ranges of traveller mass
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parameter M = mty/ma where multiple solutions exist a more careful choice
of trial initial conditions was necessary to ensure convergence to the required
solution.

The values of the friction parameters used for all calculations were p = 0.1,
g = exp(pya) = 1.7 (these are the values used by Batra et al. (1989)). The value
of the air drag parameter used for most of the calculations was pg = 4.0, which is
in the range used by Batra. However, as explained below, the form of the guide
eye tension against traveller mass curves in the important C-D transition range
(figures 4a, 6a, b) turns out to be sensitive to variation in the value of py and this
is discussed in §4b(i).

The calculations were carried out for a large range of traveller mass parameter
values: 0 < M < 1000. The results have been used to construct curves that show
the dependence of guide eye tension parameter Tp/mw?a? on M.

4. Dependence of guide eye tension on traveller mass

Figures 3a, 4a and 5a graph the dependence of guide eye tension parameter
on traveller mass parameter over the range 0 < M < 1,000, for a balloon of
height h = 10a, lay-point radius b = 0.5a and air drag parameter py = 4.0.
This range of M far exceeds the range (50 < M < 150) that typically occurs in
cotton spinning practice. In the next section a detailed discussion of the results
for the larger range of M values will be given for this one example to display the
full complexity of the mathematical problem. In subsequent sections the effect of
variations in air drag pg, balloon height and lay-point radius will be explored but
the discussion there will be confined to the more restricted range of M values of
practical interest.

(a) Full results for a balloon of height h = 10a and py = 4.0
(i) Very small traveller mass: 0 < M < 12

As can be seen from figures 3a and 4a the Tp/mw?a? against M graph is
multiple valued for certain ranges of traveller mass. For easy reference the various
parts of the graph are labelled A, B, C and D as shown. The sections of the
graph shown by the broken lines and which lie between branches A and B, B
and C, and C and D (solid lines) will be referred to as branches A/B, B/C and
C/D respectively. It will be assumed in the present discussion that the balloons
corresponding to parameter values on these broken line branches are dynamically
unstable. Such balloons are to be avoided in practice. This assumption seems
reasonable on the following grounds: (i) the analogy between the present results
and similar mathematical structures in parameter space that occur in certain
nonlinear oscillation problems (cf. Jordan & Smith 1986, ch. 7); (ii) the oscillatory
behaviour of an experimental balloon reported in Platt’s Bulletin suggests the
existence of such unstable branches.

A full investigation of the stability of these multiple solution regions will be
the subject of a future investigation.

The first multiple solution region spans the range 0 < M < 2.734, and typical
balloon profiles for this region are shown in figure 3b for M = 1.4. The profile
corresponding to the unstable branch A /B solution is shown by the broken line.
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Figure 3. (a) Guide eye tension against very small values of traveller mass (0 < M < 12):
po = 4.0, h = 10a, b = 0.5a. (b) Typical balloon profiles for branch A and B overlap re-
gion (0 < M < 2.734) in (a). (c) Typical balloon profiles for branch B unique solution region
(2734 < M < 7.810) in (a). (d) Typical balloon profiles for branch B and C overlap region
(7.810 < M < 10.870) in (a). In this and all other figures containing tables, the first column is the
branch, the second is the value of M, and the third is the value of Tp/mw?a?.

Experimentally one might expect to see a balloon profile that oscillates between
the two and three loop balloon profiles shown by the solid curves in figure 3b.
In the range 2.734 < M < 7.810 only unique branch B solutions exist and
typical balloon profiles are shown in figure 3c.
The unstable branch B/C spans the range 7.810 < M < 10.870 and typical
balloon profiles are shown in figure 3d. The profile corresponding to the unstable
branch is shown with a broken line.

(i) Balloon stability through the range of practical interest

Figure 4a shows the guide eye tension against traveller mass curve through the
range 0 < M < 80. In the range 10.870 < M < 55.060 only branch C solutions
exist and typical balloon profiles are shown in figure 4b. The unstable branch C/D
spans the range 55.060 < M < 56.930 and typical balloon profiles are shown in
figure 4c. The boundaries of the unstable regions have been determined accurate
to three decimal places.

Taken together figure 4b,c show that as the traveller mass parameter is in-
creased from M = 10.0 through the C-D transition to M = 65 the balloon
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Figure 4. (a) Guide eye tension against traveller mass (0 < M < 80) through the C-D transition:
po = 4.0, h = 10a, b = 0.5a. (b) Typical balloon profiles for branch C unique solution region
(10.870 < M < 55.060) in (a). (¢) Typical balloon profiles for a range of M values through the
C-D transition in (a).
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profile changes from a stable two-loop shape to a stable single-loop shape. This
is similar to the experimental result reported in Platt’s Bulletin.

It is difficult to make a direct comparison of the present results with this
experimental work because the experimental balloons were formed by replacing
the ring and traveller mass by a disc attached to the spindle. The yarn from
the guide eye was passed through a hole in the edge of the disc and from there
through the spindle. The required tension was maintained by applying a weight
to the bottom end of the yarn which was held stationary at the front roller nip.
The photographs (figs 3 and 4 of Platt’s Bulletin) show clearly what happens to
the balloon as the spindle speed is increased from 6500 to 11500 r.p.m. under a
constant applied tension of 50 g mass. The balloon profile starts out in a stable
single-loop configuration and then becomes unstable, oscillating rapidly between
a single- and double-loop configuration, finally settling into a stable double-loop
configuration at the higher spindle speed.

The balloon height is 330.2 mm and h/a = 8.55 (scaled off the photographs),
which gives a ring radius of 38.6 mm. The yarn count was 59 tex (59 mgm™1).
From this data the change in the guide eye tension parameter corresponding to
the change in spindle speed can be calculated: the increase of spindle speed from
6500 to 11500 r.p.m. corresponds to a decrease of Tp/mw?a? from 12.043 to
3.847. This corresponds quite well with the theoretical change in the value of this
parameter in the transition from a stable point on branch D to a stable point
on branch C. It is difficult to evaluate the effect of replacing the traveller by a
driven disc.

Finally for the range 56.930 < M < 1000 branch D solutions are unique.
Typical balloon profiles are shown in figure 5b. In this region the guide eye tension
parameter increases linearly with the traveller mass parameter and the balloon
profiles have a single stable loop which becomes narrower and narrower with
increasing tension and traveller mass.

As remarked at the beginning of this section the range of parameter M en-
countered in cotton spinning is roughly 50 < M < 150. For a balloon of height
10 ring radii subject to an air drag coefficient pg = 4.0 this range includes the
unstable transition region between branch C and D solutions. This transition will
be referred to subsequently as the C-D transition and it is clear that its loca-
tion on the M-axis is of considerable importance in the determination of optimal
traveller mass. In the next section the dependence of this transition on air drag,
balloon height and lay-point radius will be investigated in detail.

(b) The C-D transition region: 40 < M < 160

In practice a multiple-loop balloon is called a collapsed balloon and, except in
the case of collapsed balloon spinning, operating conditions that lead to multiple-
loop balloons are to be avoided. It is well known that the cure is to use a suf-
ficiently heavy traveller to insure the formation of a stable single-loop balloon.
To achieve this condition in the example above a value of M greater than 60
should be used (figure 4a,c). It is clear then that the location of the C-D transi-
tion in the guide eye tension against traveller mass curve provides a lower bound
on the operational value of M. Beyond the C-D transition Tp/mw?a? increases
approximately linearly with M (branch D, figure 5a) and the balloon profiles
(figure 5b) remain single loop becoming narrower and narrower with increasing
traveller mass and tension.

Phil. Trans. R. Soc. Lond. A (1993)


http://rsta.royalsocietypublishing.org/

A

/

A

THE ROYAL

PHILOSOPHICAL
TRANSACTIONS

SOCIETY

OF

L2

TaNsactions | HE ROVAL

SOCIETY

OF

Downloaded from rsta.royalsocietypublishing.org

456 " W. B. Fraser
100
80
& 60
3
N
= 40
20
1 1 1 1 J
0 200 400 600 800 1000
M =m;/ma
0 rs
®)
2
4
S
nNe
6
D 70 14.464
D 100 16.229
D 150 19.191
8+ D 250 27.488
D 500 51.755
D 1000 101.480
10 : !
0 1 2

rla

Figure 5. (a) Guide eye tension against traveller mass, branch C and D (0 < M < 1000):
po = 4.0, h = 10a, b = 0.5a. (b) Typical balloon profiles for branch D in (a).

Thus from a practical point of view the location of the C-D transition is a most
important feature of these results. In the next three subsections the dependence
of this transition on air drag, balloon height and bobbin radius will be examined
in detail.

(i) The effect of air drag

The present model is based on the assumption that the balloon rotates in
still air so that the yarn velocity relative to the air is identical with its absolute
velocity relative to a stationary frame of reference. The effect of air entrainment
due to the beating action of the balloon is ignored and indeed this would be
difficult to model. It is also assumed that the air drag coefficient D,, in equation
(2.3) is constant along the length of the yarn in the balloon and takes on the
value appropriate to the yarn velocity at the point of maximum balloon radius
(cf. Batra et al. 1989b). Finally the component of air drag force tangential to the
yarn is neglected as the calculations of Kothari & Leaf (1979a) have shown that
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Figure 6. Guide eye tension against traveller mass: (a) (45 < M < 65) through the C-D transition;
(b) (40 < M < 160) through the C-D transition and the anomalous region. po has values: (i) 4.0,
(ii) 5.0, (iii) 6.0 and (iv) 8.5; h = 10a, b = 0.5a.
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Figure 7. Typical balloon profiles through the C-D transition (figure 6): (a) po = 5.0; (b)
Po = 8.5.

its effect is negligible. Thus the air drag force is assumed to act in the direction
normal to the yarn and to be proportional to the square of the magnitude of the
normal component of yarn velocity.

With all of these qualifications firmly in mind the effect of variations in the
value of pg on the C-D transition will now be considered.

Figure 6a,b shows the results. For pg = 4.0 the C-D transition consists of
a triple solution region and the transition occurs via the unstable branch C/D
shown by the broken line in figure 6a. For higher values of pg this region of
instability disappears. Thus when py = 5.0, although there is still a rapid increase
in tension and change in balloon shape (figure 7a) through the C-D transition,
the solutions remain unique and therefore stable. At a value of pyp = 8.5 the
transition from branch C to D is quite smooth and the change in balloon shape
is more gradual (figure 7b).

Figure 6b shows that for the range 56 < M < 100 (approximately) there is a
seemingly anomalous dependence of tension on air drag. For this range of traveller
mass an increase of air drag leads to a decrease in tension and therefore a decrease
in power consumption. The reason is that air drag produces two contrary effects
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on the balloon. On the one hand increasing the air drag reduces the maximum
radius of the balloon which causes a decrease in the tension due to centripetal
acceleration. On the other hand increasing the air drag force on the thread line
increases the tension. In this anomalous region the former effect wins out over
the latter for a small range of M. How dependent this curious effect is on the
particular model of air drag used must be a matter for future investigation.
Finally observe that the location of the C-D transition range on the M axis is,
for practical purposes, independent of the value of pg in the range 4.0 < pg < 8.5.

(ii) The effect of balloon height

Figure 8a—d shows the effect of balloon height on the location of the C-D
transition for a range of balloon heights from h = 5a to h = 15a. All results
in this subsection are for air drag parameter pyg = 4.0. For a balloon of height
h = 5a the C-D transition has moved out of the range of current practical interest
(50 < M < 150) and the curve for this balloon height shown in figure 8a is wholly
branch D. The corresponding balloon profiles are shown in figure 8b.

As the balloon height increases the transition region moves to higher values of
M and when h = 12a the solutions remain unique through the transition. For
larger values of h the transition between region C and D becomes less abrupt.
Balloon profiles for the case h = 14a are shown in figure 8c.

Figure 8d shows the continuation of the curves in figure 8a to a value of M =
600 and it can be seen that the curves converge to a set of closely spaced almost
parallel straight lines.

(iii) The effect of bobbin radius

As each layer of thread (cf. §5) is wound onto the bobbin the lay-point ra-
dius slowly decreases, starting almost equal to the ring radius at the bottom of
the conical chase and finishing equal to the core tube radius. This gives rise to
substantial changes in tension as can be seen in figure 9a. As the bobbin radius
increases the guide eye tension decreases and the C-D transition moves to higher
values of M and becomes less abrupt so that the unstable region is smoothed out.
The curve for b = a is shown as this provides a lower bound on the results and in
practice bobbins are wound to a radius as close to the traveller ring as possible.
As M increases through the transition region the balloon profiles change from
two-loop to single-loop shapes (figure 9b).

This brings the account of the theory of free balloon ring spinning to an end.
Before proceeding to an account of the theory of spinning with control rings
it seems appropriate to comment on some of the practical consequences of the
theory so far.

5. Practical consequences for free balloon spinning

The cop is the characteristic form of package produced by the ring spinning
machine (figure 10a). The yarn is wound on a wood, paper, or plastic tube that
fits snuggly over the spindle. The shape of the cop is built up by the superposition
of many conical layers. Each layer is composed of a main winding and a cross
winding (figure 10b). The main winding is formed during the slow rise of the ring
rail while the open cross winding forms during its more rapid descent. The cross
windings thus separate the main windings from each other and prevent complete
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Figure 8. (a) Guide eye tension against traveller mass (40 < M < 160) dependence on balloon
height. (b) Typical balloon profiles for a range of M values on branch D (figure 8a): h = 5a. (c)
Typical balloon profiles through the C-D transition (figure 8a): h = 14a. (d) Guide eye tension
against traveller mass (100 < M < 600) dependence on balloon height. (a)-(d) po = 4.0, b = 0.5a.
Values of h/a in (a) and (d) are (i) 5, (ii) 10, (iii) 12, (iv) 14, (v) 15.

layers from being pulled off during unwinding. Superposed on this oscillatory
motion of the ring rail that builds the conical layers is a gradual rise of the ring
rail from the bottom to the top of the tube called the lift of the ring rail.

Thus there is a considerable change in balloon height during the building se-
quence from the first to the last layer of yarn. If a stable single-loop balloon is to
be achieved without changing the traveller mass during the process it is necessary
to choose an M value above the location of the C-D transition of the greatest
balloon height and lay-point radius. For example, if the greatest balloon height is
h = 14a, a value of M > 150 (figures 8 and 9) would ensure stable single balloon
operation during the whole building sequence. As the balloon height decreases
the tension decreases (if the spindle speed is kept constant).

For a given balloon height, yarn count and traveller mass, the term Ty /mw
is constant and so guide eye tension is proportional to the square of the angular
speed of the traveller (which is approximately the same as the spindle speed).
Thus, to some extent, variations in spindle speed can be used to control the
change in tension due to the lift of the ring rail during the building sequence.

The tension also changes during the winding of each conical yarn layer. This is
in part due to the change in balloon height but more importantly it is due to the
change in radius of the lay point from the bottom to the top of the layer. This
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Figure 9. (a) Guide eye tension against traveller mass (50 < M < 250) dependence on bobbin
radius: pg = 4.0, h = 10a; values of b are (i) 0.3q, (ii) 0.5q, (iii) 0.7a, (iv) 0.9a, (v) 1.0a. (b) Typical
balloon profiles through the C-D transition (figure 9a): pg = 4.0, h = 10a, b = a.
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Figure 10. (a) The cop form. (b) Main windings and cross windings.
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Figure 11. (a) Change in balloon profile during winding on the conical surface of the cop (M = 150,
po = 4.0). (b) Change in guide eye tension during winding on the conical surface of the cop
(M =150, po = 4.0).

tension variation could also be reduced by varying the spindle speed during the
traverse of the ring rail up and down the conical chase.

(a) Simulation of a traverse up and down the conical chase

The programs developed to obtain the above results have been used to simulate
the variation in balloon shape and guide eye tension as one layer of yarn is wound
on the conical surface of the cop (pg = 4.0).

The balloon height and lay-point radius at the bottom of the traverse are
h = 10a and b = 0.9a, and at the top of the traverse h = 8a and b = 0.3a.
Figure 11a shows the change in balloon profile and figure 116 shows the variation
in guide eye tension parameter which varies from a minimum of 13.496 to a
maximum value of 23.168.

The value of M = 150 was used for this calculation and in figure 11la it can
be seen that the balloon profile at the bottom of the cone is just developing a
neck (r'(s)) = 0). For all the other profiles r'(s;) < 0. If cops are to be wound
as full as possible the traveller mass must be chosen so that the highest balloon
at its maximum radius is just forming a neck (i.e. r'(s1; Amax, bmax) = 0). This
condition has been used to compute the minimum traveller mass against balloon
height curves shown in figure 12a. The equation for computing minimum traveller
mass given by de Barr & Catling (eqn 15.3, p. 218) is also plotted. In the notation
of this paper their equation is

M = my/ma = 0.9449(h/a)?.

Surprisingly, the theoretical curves give a more conservative estimate of minimum
traveller mass than this equation. The guide eye tensions corresponding to these
minimum traveller mass conditions are plotted in figure 12b. Note the anomalous
dependence of tension on air drag pg for A < 8a which corresponds to M < 100
as discussed in §4b(i).

Finally note that there is no theoretical restriction on the speed of the traveller
(approximately equal to the spindle speed) as w does not occur explicitly in the
theoretical results. It is hidden in the denominator of the dimensionless guide
eye tension parameter. The maximum practical value of w is restricted by the
amount of traveller wear that can be tolerated in a particular spinning operation.
This is determined by considerations of economic machine operation. Although
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Figure 12. (a) Minimum traveller mass against balloon height for free balloon spinning; b = 0.9a;
(i) po = 4.0, (ii)po = 8.0, (iii) de Barr & Catling (eqn (15.3)). (b) Guide eye tension against balloon
height for free balloon spinning with minimum traveller mass (figure 12a); b = 0.9q; (i) and (ii) as

(a).

such considerations are outside the scope of this paper it is appropriate to note
that frictional wear will be closely related to the normal pressure between the
traveller and the ring which can be computed from equations (2.8)—(2.10).

Once the value of M = my/ma is chosen to ensure that a stable single-loop
balloon is formed during the whole of the spinning cycle the spindle speed can
be varied to help minimize tension variations.

Most modern ring spinning machines use control rings to restrict balloon radius
and reduce yarn tensions at large balloon heights. In the next section the effect
of a control ring of radius a, placed half way up a balloon of total height A = 10a,
will be investigated.

6. The effect of balloon-control rings

In the first part of this section the mathematical formulation will be modified
to take account of the constraint of a balloon-control ring on the balloon. In the
second part a numerical procedure for calculating controlled balloon profiles and
tensions will be described and the effect on the Tp/mw?a? against M curve of
a single control ring of radius a half way up a balloon of height A = 10a will
be given for py = 4.0. It is not the purpose in this paper to give a complete
investigation of the parameter space of ring spinning with control rings. This will
be taken up in subsequent papers.

(a) Mathematical formulation for a balloon-control ring

The control ring will be assumed to be a point constraint on the yarn in the
balloon that exerts a point force on the yarn at distance s = s¢ (2(s¢) = hc) along
the thread line from the guide eyef. Equation (2.25) with inextensibility condition
(2.6) still describes the motion of the thread line between the guide eye and the
control ring and between the control ring and the traveller ring. The boundary
conditions at the guide eye and the traveller are unchanged. The tension equation

1 Throughout this section the dimensionless variables defined in equation (2.18) will be used.
The overbars will be omitted.
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(2.27) is still valid if the tension in the yarn is assumed to be continuous across
the control ring.
The new conditions required are the obvious geometrical constraints at s = s.:

T(sc) = ¢, 2(sc) = he, (6.1)

where c is the ratio of the radius of the control ring to the radius of the traveller
ring and h¢ is the ratio of the vertical distance between the guide eye and the
control ring to the radius of the traveller ring. The coordinate §(s) must also be
continuous. These conditions must be taken together with a dynamic condition
to allow for the force the control ring exerts on the yarn. This latter condition is
derived as follows.

Let the point force the control ring exerts on the yarn be given by

F.= {FreT+sz—~uC (\/F3+Fz2) 69}6(3 — 8¢), (6.2)

where p. is the coefficient of friction between the yarn and the ring and 6(s — s¢)
is the Dirac delta function. As is usual it is assumed that the direction of the
frictional force the (finite) control ring exerts on the yarn is opposite to the
direction of the velocity of the yarn element sliding over the surface of the control
ring, i.e. in the direction of —v = —k A R = —rey (cf. equation (2.193)). So the
direction of this frictional force is —eg and this is consistent with the assumption
that the yarn speed V through the balloon is very small compared with the linear
speed, wa, of the traveller (see also discussion in Krause & Soliman (1989)).
The equation of motion (2.25) can now be applied to the whole of the yarn
between the guide eye and the traveller if this additional concentrated force term
is added to the right side of equation (2.25):
d (Tgl_l_%_

kEAN(EANR)= P ds) +%p0|vn|vn

+ {Frer+sz—uc (\/F,?+FZ2) 69}5(S—SC). (6.3)

This equation must now be integrated from s = s, to s = s to yield a point
condition at the control ring. The result is

sd

oo {Frer bRk — e (,/F,? n Fg) eg} , (6.4)

Sc

aR
ds

where account has been taken of the continuity of the yarn coordinates, and the
yarn tension and the air drag term have been assumed continuous across the ring.
The cylindrical coordinate components of this last equation are:

(To — 3A)[r'(sd) — ()] = = Fy,
(T — 1) (et (s8) — b (s7)] = pey/ F2 + F2, (6.5)
(To - 32 (sd) — 2/ (sg )] = —F.

It will be assumed (cf. Ghosh et al. 1992) that the frictional interaction between
the yarn and the balloon control ring is made negligible by aerodynamic lubrica-
tion. Thus the right side of equation (6.53) is zero and the dynamic condition to

(To — 3¢°)

Il
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be used in the solution of the balloon equations reduces to the continuity of 6’
across the control ring. Equations (6.51) and (6.53) determine the normal force
between the yarn and the control ring once the jump in 7’ and 2’ has been de-
termined from the solution to the balloon equations. Note also that these jumps
are not independent for, by the inextensibility condition (2.6),

sd

=0.

Sc

2 2
r +Z/

(b) Method of numerical solution

The numerical solution of this problem is achieved in three main steps. The
solutions of the differential equations appropriate to the balloon between the
guide eye and control ring, and the balloon between the control ring and the
traveller ring must first be obtained. These two solutions must then be fitted
together at the control ring. For a given choice of M the detailed procedure is as
follows.

1. Since €' is continuous across the control ring first assume a trial value of
0'(sc) = Ofial-

2. Use the shooting method outlined in §3 to solve for the balloon shape be-
tween the guide eye and control ring subject to boundary conditions (2.21) at the
guide eye and r(s¢) = ¢, 2(sc) = he and 0'(sc) = 0;,;, at the control ring. This
will also determine corresponding values of Ty = t1, r'(0), s and the coordinate
0(sc) = 6.

3. Now use the shooting method to solve for the balloon shape between the
control ring and the traveller subject to boundary conditions r(s.) = ¢, 0(s.) = 0.,
0’ (sc) = 0;,;, and z(s¢) = hc at the control ring and conditions (2.22) and (2.23)
at the traveller. This calculation will also give rise to values of Ty = to, 7/(s¢)
and the total length of yarn s; between the guide eye and the traveller.

4. The solutions found in steps 2 and 3 satisfy the conditions for the geometrical
continuity of the thread line at the control ring and also the boundary conditions
at the guide eye and the traveller. However, the guide eye tensions t; and to will
not in general be equal and their difference will depend on the trial value 6y, .
A Newton-Raphson type iteration scheme is used to find the value of 6y, for
which t1 = t2.

The results of such a calculation are shown in figure 13a,b. Figure 13a shows
that the effect of the control ring in this case is to stabilize the two-loop balloon
through the C-D transition in the practical range of M. At a sufficiently high
value of M the yarn will loose contact with the control ring and a single-loop free
balloon will form. In figure 13b, which shows typical balloon profiles corresponding
to figure 13a, it can be seen that this last condition is almost reached when
M = 150.

7. Concluding remarks

This paper has been mainly concerned with free balloon spinning (without
control rings). The relation between guide eye tension and traveller mass has been
explored in some detail and an important transition region in this dependence
has been identified. This is the range of (increasing) traveller mass values over
which the balloon profiles change from stable two-loop shapes to stable single-
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Figure 13. (a) Guide eye tension against traveller mass for the range (40 < M < 160). Comparison
of free balloon spinning (———) and spinning with a control ring (— — — —). (b) Typical

balloon profiles for controlled spinning corresponding to the traveller mass range in (a); po = 4.0,
h = 10a, b = 0.5a.

loop shapes. For some parameter values this transition is made through a range
of traveller mass values for which the balloon shapes are unstable.

The dependence of this transition region on bobbin radius, balloon height and
air drag was also examined in detail. The practical application of the theory was
discussed and theoretical minimum traveller mass curves were produced. The
results of a simulation of one traverse of the ring rail up and down the conical
chase of a cop-structured bobbin were presented. In §6 the theory was modified
to allow for the presence of a control ring and results that show the effect of the
control ring on the guide eye tension, traveller mass dependence were presented.

Most of the discussion has been confined to the range of traveller mass (40 <
M < 160) of interest to cotton spinners. The existence of stable multi-loop balloon
solutions at very small values of M (branches B and C, figures 3a and 4a) and
correspondingly low tensions may be of practical interest for the low tension
spinning of very fragile yarns. A more complete investigation of this range of
M values will be taken up in a future paper along with the investigation of the
stability of the solutions on the multi-valued branches of the guide eye tension
against traveller mass curves.

The effect of control rings, which has only been touched on in this paper, must
also be a matter for further investigation.

I thank Dr Nigel Johnson of the School of Fibre Science and Technology, at The University of
New South Wales, for his helpful advice during the course of this investigation, and for the loan
of various books, reprints and other material from his personal library. The research reported in
this paper is part of an on-going research programme into yarn ballooning being carried outin
collaboration with Professor S. K. Batra and Professor T. K. Ghosh at the College of Textiles,
North Carolina State University, Raleigh. This research is supported in part by the U.S. National
Textile Center.
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Appendix A. Equations of motion for the yarn in the ring spinning
balloon

In this appendix the three components of the equation of motion for the yarn
in the ring spinning balloon, equation (2.25), are given with respect to both
cylindrical and cartesian coordinate systems rotating with the angular velocity
of the traveller. The leading terms in the power series expansions (valid near the
guide eye) of the solutions to each of these sets of component equations are also
given.

(a) In cylindrical coordinates

With respect to cylindrical coordinates (r,6,z) the components of equation
(2.25) are:

T (r" - r9’2) R %po(r‘zr'G’)vn, (A1)
T (27'/(9/ + 7"9”) = 7‘27"/9/ + 11—6(])0/7'>(’l)n>3, (A 2)
T2 =rr'z — Lpo(r?0'2 v, (A3)

where 0 < s < g1, () =d()/d, normal speed v,, = rv/r'? + 22 and the tension
isT =Ty — %7’2. The inextensibility condition is

(") + (') + () =1, (A4)
and Tp is the tension in the balloon at the guide eye.

(i) Series solution at the guide eye

The leading terms in the power series expansions of the solutions of equations
(A1)-(A4) in the neighbourhood of the origin of coordinates at the guide eye
are:

Por1 3

r(s) =ris+---, 0(s)= 4 Z(S):{1-T1}1/28+-”, (A5)

1927
where r1 = r/(0) and Tp, the initial slope and guide eye tension, must be specified
to obtain a trial solution of the initial value problem for use in the shooting
method algorithm used to solve the two-point boundary value problem.

(b) In cartesian coordinates

With respect to cartesian coordinates (x,y,z) the components of equation
(2.25) are:

Ta' = —x + (za’ +yy')a’ + f5pol(yz’ — xy)z’ — ylog, A6)
Ty = —y+ (z2’ +yy' )y + Lpol(yr’ — 2y/)y’ + alon, (A7)
T2 = (za' + yy')z' + f5pol(yz’ — xy’) 2 Jon, (A8)

where the normal speed is v, = \/(m:’ +yy')2 + 22 (22 + y?), the tension is
T="1T,— %(rz +9?), and the inextensibility condition is

(@) + () + () = 1. (A9)
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(i) Series solution at the guide eye

The power series expansions (including terms up to order s%) of the solutions
of equations (A 6)—(A 8) in the neighbourhood of the origin of coordinates at the
guide eye are:

2 2 2
() :x13+a:121 ¢ _ Poyiv + .
6T0 19271}
i 2 2
y()—ys+y11 +Pox1 1“4+ Y E R (A 10)
670 19275
— z1(1—2%) 3
z(s) = z18 6T e

where 1 = 7/(0), y1 = ¥/'(0), 212 = 1 — 212 — 12 = [2/(0)]? and T, the initial
slopes and guide eye tension, must be specified to obtain a trial solution of the
initial value problem for use in the shooting method algorithm used to solve the
two-point boundary value problem.
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